INTRODUCTION
Since the generalization of highest weight representation theory to Lie w x w x superalgebras in K1 ᎐ K3 , a number of interesting results on the highest weight representation theory of classical Lie superalgebras have been obtained. In contrast with the case of semisimple Lie algebras, the highest weight representation theory of a classical Lie superalgebra which is not a Lie algebra is nontrivial even in the finite dimensional case. Two of the basic problems of the finite dimensional representation theory, namely the problem of classifying the finite dimensional weight representations and the problem of finding the character of a finite dimensional simple highest weight representation, remain unsolved in general. It was shown in w x VHKT2 that there is no character formula of Kac᎐Weyl type that can cover all simple finite dimensional highest weight representations even for Ž . the algebra sl m, n . Realizing the failure of the Kac᎐Weyl type formulas, several authors have developed new approaches to the finite dimensional Ž w x representations of classical Lie superalgebras recently see VHKT1 , w
x w x w x w x w x w x . VHKT2 , HKV , V , PS1 , PS2 , Ser . Our work is motivated by w
x w x VHKT2 and Ser . w x The approach in VHKT2 is purely combinatorial. The conjectured w x character formula presented in VHKT2 for the finite dimensional simple Ž . highest weight representations of sl m, n is given combinatorially in terms of the characters of the Kac modules.
More recently, a Kazhdan᎐Lusztig theory was developed for the Lie Ž . w x superalgebra gl m, n in Ser . The idea is to define some polynomials called Kazhdan᎐Lusztig polynomials, and show that the values of these polynomials at y1 together with the characters of the Kac modules provide the characters of the finite dimensional simple highest weight Ž . representations of gl m, n ; then based on a conjecture about the semisimplicity of certain reflection functor, one can proceed to compute the polynomials.
It is natural to ask whether one can combine these two approaches. Since in the case of a semisimple Lie algebra, the Kazhdan᎐Lusztig theory Ž . is developed within the Bernstein ᎐Gelfand᎐Gelfand BGG category O O, one would like to see whether a theory similar to the category O O theory can be developed for the category F F of the finite dimensional weight representations of a classical Lie superalgebra, and if so, to explore how w x this theory can help in bridging the approach of VHKT2 and the w x approach of Ser . The purpose of this study is to address these problems Ž . for type I classical Lie superalgebras, as well as gl m, n . w x The work of BGG on the projective objects in category O O is one of the most interesting parts of the category O O theory. This work was generalized Ž . w x to graded Lie algebras including Kac᎐Moody algebras by R-CW . By w x w x using an approach similar to the approaches of BGG and R-CW , we will show that results similar to the category O O theory hold for the category F F Ž . over gl m, n or over a type I classical Lie superalgebra. To be more precise, we will show that there are enough projective objects in F F and the indecomposable projective objects are in one-to-one correspondence with the simple objects of F F, and that under a certain condition, an analog of BGG's duality theorem also holds in F F if one replaces Verma modules by Kac modules. Then we will describe a classification scheme for the objects of F F and define the Kazhdan᎐Lusztig polynomials for some of these Lie n Ž Ž . Ž .. Ž superalgebras by using the cohomology groups Ext K , L unfortunately, in some cases, this definition produces power series instead of . Ž . polynomials . We will show that in the case of gl m, n , the polynomials we w x define in this paper coincide with the polynomials defined in Ser . In the Ž . Ž . Ž . case of sl 1, n nG2 and C n , these polynomials can be computed easily, and we will give the results. In the Lie algebra case, Ext 1 plays a crucial role for the Kazhdan᎐Lusztig polynomials. We will discuss Ext 1 briefly at the end. It would be interesting if one could develop an algorithm to use Ext 1 to define the polynomials recursively as in the Lie Ž w x . algebra case cf. Ser, Sect. 7 . This paper is organized as follows. In Section 1, we introduce the necessary notation and terminology. In Section 2, we construct the projec-Ž . tives in F F and prove the duality theorem under a certain condition . In Section 3, we describe a classification scheme for the objects of F F. In Ž . Section 4, we treat sl 2, 1 as an example. It is interesting to note that one Ž . can also describe the injective objects of F F in this case see Theorem 4.1 . In Section 5, we define the Kazhdan᎐Lusztig polynomials. In Section 6, we Ž . Ž . compute these polynomials for sl 1, n and C n ; the results show that for these algebras, the polynomials are either 0 or q k . In Section 7, we show Ž . that for the algebra gl m, n , the polynomials defined in Section 5 are the w x same as the polynomials defined in Ser . Finally, a brief discussion of 1 Ž Ž . Ž .. Ext K , L is given in Section 8.
DEFINITIONS AND NOTATION
A classical Lie superalgebra of type I over the complex number field ‫ރ‬ is one of the Lie superalgebras A m, n s sl m q 1, n q 1 , m / n, m, n G 0,
C n sosp 2, 2 n y 2 , n G 2.
Ž . Ž .
Ž . Since our discussions in this paper hold for gl m, n also, we include Ž . gl m, n in our list of the Lie superalgebras.
Let
Then G is the even part of G and G q G s G is the odd part of G. A
x w x In this section, we modify the approach of BGG and R-CW to prove that F F has enough projectives and that a duality theorem holds; we will also discuss briefly the indecomposable injective objects of F F.
Ž . Note that since L is finite dimensional, A is finite dimensional by 0 the PBW theorem of Lie superalgebras. LEMMA 2.1. Let M g F F, and let g ⌺ q . Then
where g Hom A , M ,¨g L , and define a map g:
Then the maps f G 0 0 and g are well-defined and they are inverses of each other. Thus the lemma follows.
Ž .
Proof. This follows from Lemma 2.1 and the fact that L is a 0 projective object in the category of finite dimensional weight G -modules. 0 Remark. Lemma 2.2 also follows from the general fact that the functor Ind G from a subalgebra S to G sends projective objects to projective S objects, but Lemma 2.1 provides more detail in this special case. defined. Note that by the PBW theorem of Lie superalgebras,
given by the PBW theorem, and let this basis be q1 ordered in such a way that
In fact, the inclusions are clear, and we only need to check that U G m q1 Ž . L s V . To verify this, note that G is a simple G -module. So 0 1 q 1 0 if u g G is a lowest weight vector, then by using the action of G , Proof. Since each indecomposable projective object of F F is a direct Ž . summand of some A , which is singly generated, the indecomposable projective objects in F F are singly generated. Being a finite dimensional G-module, each indecomposable projective object in F F has a maximal submodule. The proof of the uniqueness of the maximal submodule is w x similar to the proof of Lemma 11 in R-CW .
The following proposition gives a description of the indecomposable projective objects of F F. Ž . PROPOSITION 2.5. i There exists a one-to-one correspondence between the simple objects of F F and the indecomposable projecti¨e objects of F F, hence the indecomposable projecti¨e objects of F F are indexed by the elements of ⌺ q .
Ž . We denote the indecomposable projecti¨e object that has L as a quotient Ž . by I .
Ž .
q ii The projecti¨e object I , g ⌺ , has a KCS. 
T HEOREM 2.7 The duality theorem . Assume that for any g ⌺ , w Ž . Ž .x q K :L s 1. Then for , g ⌺ ,
Proof. First we note that the theorem is true for s , since both Ž . sides of 2.3 are equal to 1 in this case. Then we note that the theorem is also true if / and f q ⌳, where ⌳ is the set of weights of Ž . Ž . U G , because both sides of 2.3 are 0 in this case. So we can assume
[ gq⌳ Then by Lemma 2.6, . Ž .. ␤ :K because they are either both equal to 1 or both equal to 0. Now Ž . Ž . by using 2.5 we can apply induction to prove 2.4 by going downward on Ž . the weights as follows. Suppose that 2.4 has been proved for all Љ such Ž . that Ј -Љ F q ␤. By applying 2.5 to s Ј, and noting that by Note that y ␤ y ␤ s because q y ␦ y ␦ s 0. We see that
Ž . w Ž . Ž .x 2 It is easy to see that K : L ) 1 can only happen for Ž . sl m, m .
We now discuss the injective objects of F F briefly. Let
be the projective resolution of the trivial G-module ‫.ރ‬ Then for any M g F F, we have the injective resolution for M:
Ž . Hence there are enough injective objects in F F. By putting M s L in Ž .
Ž . 2.6 , we see that the indecomposable injective object that contains L Ž Ž .. Ž Ž . Ž .. i.e., the injective hall of L is a direct summand of Hom I 0 , L .
‫ރ‬
Since any indecomposable injective object contains a unique simple submodule, we have proved the following proposition. 
A CLASSIFICATION OF THE OBJECTS OF F F
By applying the results of Section 2, we describe a classification scheme for the objects of F F. Note that by Proposition 2.5, every object of F F is a quotient of some projective G-module which is a direct sum of certain Ž . q Ž . I 's. We extend the partial order on ⌺ inherited from H * to the set Ž q .
q F ⌺ of all the finite subsets of ⌺ as follows. Ž q . partial order of F ⌺ induces a partial order on the set P P of all the projective objects of F F. LEMMA 3.1. Let M g F F. Then there exists a unique minimal object in P P that has M as a quotient.
Proof. Suppose that Q and Q are minimal among the objects of P P [ I must be the projective cover of M. i 1 F i F k PROPOSITION 3.6. Let M and M g F F, let P and P be the projecti¨e Proof. This is clear.
We need to describe the automorphism groups of the objects of P P.
PROPOSITION 3.7. Let Q g P P, and let Q s [ m I for some Proof. We only need to prove that I I is a complete set of indecompos-Ž . able injective objects of F F. By the results on the structures of the I 's,
Ž .
we see that each I contains a unique simple G-module; this simple Ž . Ž . module is a copy of L . Hence we only need to prove that each I is Ž . Ž . injective. We may assume that is atypical, since if is typical, I s L w x is clearly injective. Now by Theorem 4.2 in Su , any M g F F that contains Ž . Ž . Ž . I as a submodule must have I as a direct summand. Therefore I is injective, and the theorem follows.
KAZHDAN᎐LUSZTIG POLYNOMIALS
Since there are enough projective objects in F F, for M and N g F F, we n Ž . can define Ext M, N as usual, i.e., let Ž w x . T HEOREM 5.1 cf. R-CW, Sect. 7, Theorem 2 . Let M g F F, and let q n Ž Ž .
.
The proof is a modification of the proof given in R-CW . For j s 0, 1, . . . , and g ⌺ q , let 
be the resulting complex. We show that
. Ž .
Ž . Now 5.1 follows from the definitions of the complexes involved.
Ž .
By 5.1 , in order to prove the theorem, we only need to prove that n Ž ؒ . n Ž Ž . 
where , ␤ is the push-out of , , Y s X , and s identity
Ž . for i s 0, . . . , n y 2. Tensoring the bottom row with U G over U P , we get an exact sequence of G-modules 1m␤ n
. and let d s 1 m ␤ 0 F in y 1 . Then V g F F for 0 F i F n y 1,
is an exact sequence of G-modules depending only on the cohomology w x class of . We denote this exact sequence by .
On the other hand, given a representation . Ž . , then u induces an element in Hom Ý , n G 0 Ž . By using the example in the remark 1 in Section 2, one can see that Ž . P q is not a polynomial in general. But we do have the following , proposition.
Proof. Consider the projective resolution for K : The following proposition shows that under the same condition as that in Proposition 5.3, the characters of the simple objects of F F can be Ž . computed by using the polynomials P q . , w Ž . Ž .x q PROPOSITION 5.4. Assume that K : L s 1 for all g ⌺ . Then for g ⌺ q , we ha¨e
Proof. Let D be the subset of ⌺ containing the elements F . Ž . We order the elements of D , say , , . . . , such that if ) then 
The coefficient matrix of this system is also upper triangular. We want to Ž . Ž . show that c s P y1 . Consider the projective resolution of K :
If we write P s [ b , I , and let
By the duality theorem and by using introduction on n, we see that . In this section we assume that the Lie superalgebra G is one of sl 1, n Ž . Ž . nG2 and C n . LEMMA 6.1. An element g ⌺ q is either typical or singly atypical.
Ž
. Proof. We will treat the case G s sl 1, n ; and the other cases can be treated similarly. By using linear functions , ␦ , . . . , ␦ to express an 1 1 n Ž element g H * as a q Ý b ␦ , we see that the condition q
If g ⌺ q has more than one atypical root, let ␤ , ␤ be two of them 1 i 1 j Ž . and assume that ij. Then by 6.1 we have a q b q 1 y i s 0 and a q b q 1 y j s 0,
The following theorem is due to Van der Jeugt, Hughes, King, and Ž . Thierry-Mieg in the case sl 1, n , and due to Van der Jeugt in the case Ž . Ž w x w x . Cn see VHKT1 , V . THEOREM 6.2. Let g ⌺ q be atypical. Then the maximal submodule of Ž . K is simple with atypical highest weight / . w Ž . Ž .x q By this theorem, K : L s 1 for all g ⌺ . We make the following definition for our convenience. DEFINITION 6.3. If , g ⌺ q , we use the notation ¤ to indicate Ž . Ž . the fact that L is the maximal submodule of K . We say that is k-step up-linked to if there are elements , . . . , g ⌺ q such that We will need some homological algebra results. Lemma 7.1 and Proposition 7.2 below hold for a general finite dimensional Lie superalgebra G. We will state them in the general forms. 
